UIL MATHEMATICS MAGIC : BOOK 1

BASIC MATHEMATICS

1. If 120% of Aequds é of B and 25% of B quds C, then A iswhat pat of C?
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3. Robin went to the mall for agpecia sale. Shebought3 swveaters at $19.95each,
2 pars of pants at $17.50each, and amusc CD for $8.99. Tetotal cost
indudingtax was $110.85. WMa was thetax rate?

(A) 4.2% (B) 6?1% (C) 10.7% (P 7%% (B 8.125%

Let x =thetax rate plus100% (n decimal form)
X[3(19.95) +2(17.50) +8.99] =110.&%
x(103.84) =110.85

- 11085 _ 1.0675 ; Thusthetax rateis.06/5 = 6.75% :6§%
103.84 4

20.A gack of quaters has aheaght of 8 inches. What is the value of a stack of
guaterstha has aheight of 5 feet 8inches?

(A) $32.50 (B) $116.00 (C) $232.00 ) (§272.00 (E $544.00

Set up aproporton showing the ratio of the number of quaters to the haght



of thegack. Let Q = numbe of quaters

Q 8 0 _ 80 68(580) _ 1088

5g 5 ;ggzg ; 5Q = 68(80) ;Q =

1088 quaters = 1088($.25) =$272.0

ALGEBRA 1

1.

Let M and Nbetherootsof 3x*> - 5x + 2 = 0. Fnd M®N?.

7 4 4 5 1
(A) 25 (B) ry ©) 3 (D 9 B ZZ

Note : M*N* = (MN)?, which is asking for he square of the produd of
theroots. If Ax*> + Bx + C = 0, the pradud of therodsis%. The

produd of theroasof 3x* - 5x +2 =0 is % and the squae of the

.4
produd of therodsis —.

Smplify - [b + 2] O b - 2]
a a

(A) a-b (B)Z!—+i (C) a+b (D Siz ® %

| suggest that you rewrite the problem as afraction:

p+?
a
b!é
a

then multiply the nunerator and the denominator by a.

b+b

( 5)(§) _ab+b _ b@a+1) _ a+1

b P a ab!b b@-1 al!l
a




3. A freighttrain left Harlingen & 5 am. traveling 30 nph. At 7am. a
passenge train traveling at 50 nphleft the same gation. What is the distance
from the gation when the passenge train overtakes the freight train ?

(A) 88mnles (B) 100mes (C) BO miles

(D) 180 niles (B 240 niles

Let t =time it will take the passenge train to ovetake thefreight train.
Since Distance = Rae x Time (D = RT), then 30(t + 2) = D and 50t = D.
30(t +2) =50t ; 3@ + 60 =50t ; 60 =20t ; t =3

Since it will take the passenge train 3 houis to ovetake the freighttrain and

the distanced traveled by he passenge train is 50t, then 50@) = 150 milesis
thedesired dstance.

18. Mr. Shal can mow the lawn in 30minutes usng apush mower. Mr. Cuter can
mow the samelawn in 18 mnutes usng agas mower. How long would it take
if both work together?

(A) 6nin  (B) 8% min  (C) 11.25 im

(D) 16:—23 min (B 24 mn

Keep in mindthefollowing : Both + Both =1
(A)alone  (B)alone

X 4 X 21 18@0)% + ) = 18(30)(1) : 18x + 30X =540 :
30 18 30 18
48x =540 : x = 220 _ 1125

38.Linemis papendcular tolinen. Thepoint of intersection is(- 1,- 3). The
point (- 4, 3) ieson inem. Which ore of thefollowingisa
point that lies on inen?

(A) 6,1) B &7 (©) B2 (O 6.0 & (1.-1)

Since both (- 1,- 3) and (- 4, 3) ie on linemyou $hould find its dope



| 31 |
1313 _ ﬁ = - 2. Sncelinenis peapendicular to

Slopeof linem = ——— =
11l (1 4) 3

linemits dopeis % Snce (- 1,- 3) liesonlinen us it and each ofthe

. . . . 1 .
possible solutionsto deermine which gves adopeof 5 for linen.

0-(=3 _ 3 _ 1 Therefore
5-(-1) 6 2

If you use (5, 0) and ¢ 1,- 3) thedope =

(5,0) sonlinen.

GEOMETRY

15.

1.

The point of conaurrency of the perpendicular bisectors of the sdes of a
triangle isthe

(A) drcumcenter (B) entroid (C) origin
(D) orthocenter (B incenter

circumcenter : the point of conaurrency of the pependicular bisectors of the
sides of atriange

centroid : the pant of intersection ofthe medians (sometimes called the
median pant)

orthocenter : the point of intersection of he altitudes of the triangle

incenter : the center of thecircle inscribed in atriangle. The point where the
angle bisectors of atriang e bisect each other

A circleisinsribed in an equilateral triangle with 9delengthsof 6 unts. Fnd
the diameter of the circle.

(A) g B) 2/3 () V6 (D 32 (® @

Sketch acircle inscribed in an equilateral triangle. Keep in mind that the sdes of
thetriangle are tangent to the circle, which meanstha they are perpendicular to a
radiusdrawn to thetangent. This radiusdso bisects the sde of theequilateral
triangle. Draw a segment from the center to avertex of thetriangle and a
radiusto oneof the Sdes. Thiswill form a 30i-60i-90j triange. Thelongleg
will be3 untslong. Theshortleg isthe radius

long leg = shortleg x J3
3 = radiusx /3



radius =
diameter = 2/3
25.  Farmer FrankOsight cylindrical water tank isfull. Thetank is 5 feet high
and ha adiameter of 8 feet. How many gdlonsof water isin thetank?
(nearest gdlon)

(A) 1,880 (B) 1,005 (C) 1,520 )(2,507 (F 1,088

Volume of aright cylinde = !'r*h ; 1 gdlon = 231 whicinches
Heightof tank = 5(12) =60 nches ; Radiusof tank = 4(12) = 48inches

Volume of tank = !(48)?(60) ; To deerminethe nurrber of gallonsin the
tank, divide the volume (in cubic inches) by 231.

1 (48)*(60)
231

= 1880

35.Forester Fred plants ayoung 4inch diameter tree.  He drives two supportpoles
into the ground on oppate sdes of the trees to dtach lines for support
The poles enter the soil 18 inches from the base of thetree and gick ou of
ground 3 fet. The poleslean 30 fram vertical awvay from the tree. Wha
is the distance beween the topsof the poles?

Make a sketch ofthestuation. You will end up wth ageometric figurethat
lookslike atrapezoid with the battom base 40Cend the top kase x + 400+ x.
Thetrapezoid is isosceles with thelegs representing the two supportpoles.

If you draw the dtitudes of the suppat pdes perpendicular to the top base you
will have two right triangles formed with a 30j angle (x will bethelength of
the shortleg oftheright triangle). Thelength of the longer base represents
the distance between the poles which isx + 400+ x.

In a30j-60j-90; triange, the hypotnus is equd to twice the short leg.

Hypotenuse = 2(sdhortleg) ; 36 =2(x) ; x =18

Distance between top of pobs= 18 + 40 + 18 =76 ; 760= 600
38.Scant AB and tangent BC intersect and point P lieson scant AB. Roints A,

C. and Plie on the circle and pont B isin the exterior of the circle. And x,
If AP = x, BP = 3,and BC =6.



W5 ®2 ©3¥F OS5 69

Sketch acircle. Fom apant B inthe exterior of thecircle draw atangent
segment with pdnt C as the point of tangency. Fom point B draw a
secant segment with endponts, B and A.  Point P is on the circle between
point A and pont B.

Keep in mindthefollowing theorem : If atangent segment and a secant segment
are dravn from the same point ouside acircle, the tangent is the geometric mean
between the externd segment of the secant and the secant.

3 :i ; 3x +3) =6(6) ; 3x +9=36 ; 3x=27 ; x =9
6 +3

ALGEBRA 11

5. Iflog,(x + 3) + log,(x) = log,(28),then x equds
A3 B 4 )7 (P12 (B 21
You hould befamiliar with the following Q.aws of LogaithemsO
log,M + log,N = log, MN
log,M - log,N = Iogb%

log,M " = plogM
Iflog,M = log, N, then M = N

log,(x + 3) + log,(x) = log,(28),

log,(x + 3)(x) = log,(28)

(x + 3)(x) =28, Note : Indead of lving the quadratic equation that
results, think of wo numnbers tha differ by 3 and who<e produd is28. These
two nunbersare 4 and 7,thereforex = 4.

19. neof thefactorsof x* - 13x* + 36 b :
(A) x-9 @B x-4 (C) x+18 (D x+3 (B x- 12

The easiest way to determine which of thelisted factorsis afactor of

x* - 13x* + 36 isto uethe Remainda Theorem.



(9)* - 13(9Y + 36 =5625 (hisindicatestha |x| mug belessthan 9)
(4)* - 13(4¢ + 36 =84

(-3)* - 13¢3)* + 36 =0 (Thisindicatestha x + 3is thefactor of
x* - 13x* + 36.)

20.P, Q, and R aethereal roasof x> - 2x*> - 5x + 6 = 0. Fnd PQR +
PQ2R + PQR?Z.

(A) -5 (C)-10 (C)-12 (D 8 (B 30

PQR + PQ’R + PQR? = PQR(P + Q + R) Note : They want the produd
of hie produd of the roots and the sum of the roots of theequation.

If &® + bx* + ox + d =0, heproduct oftherootsis-g and the sum of

herootsis- g. In tis problem they are looking for ( é)(- g) or ?.
a

bd _ (26 _

7 e 12

39.Thegraph on he x-y planeof 9x*> + 36x + 4y> + 24y + 36 =0 liesin
quadrant(s) :

(A Il B) I (C) M&IV (D) H&I (E) 1IN, & IV

9x*> + 36x +4y* + 24y +36 =0

O(x* + 4x +4) +4(y* + 6y +9) =-36 + 36 + 36
9(x +2)° + 4(y +3)* =36

(x+2f | +3° _
4 9

The center of the dlipseis (- 2,- 3)

Two of the verticesare 2 unts to theleft and right of the center [(0, -3) and

(- 4,-3)]. Two of thevertices are 3 unis aboveand béow thecenter [(- 2, 0)
and (-2,- 6)]. If you ok & the verticesyou will notice that two of them

are in the third quedrant, oneis on te y-axis and the other on the x-axis.
Thereforetheellipse liesin Quadrant lll.



ADVANCED MATHEMATICS

1.

Willy Washer is ganding 23.5 mfrom the base of abuilding. He sees the top
of the building & an angle of devation of47j. He sees the botom of the
windowat an angle of devation of 34;. How far is the botom of the window
from thetop ofthe building? (nearest tenth)

(A) 40m (B) 65m (C) 54m (D) 3.5m (B 9.3m

Make adraving with Willy at point A, the base of the building & B, the base
of thewindow at point C and the top of the building at point D.

Tan 47§ = DB ; DB = 23.5Tan47j
23.5

Tan34; = E ;. CB = 23.5Tan34;
23.5

DC (thedistance from the botom of the windowto thetop ofthe building) =
DB - CD = 23Tan47j - 23.5Tan34j = 9.3

Find the area, in sguae units, of the figurebounde by y =2 - x* and
= - X

1 5 1 1 1
(A) 28 (B) 25 (C) 3E (D) 4g B 4E

To find thearea bounakd by te two fundionsyou will nead to use the following
formula : "[£(x)! g()]dx.

Find where thetwo fundionsintersect. 2 - x> = -x : -x*> +x +2 =0 :

x? -x-2=0; x-2)x+1) =0;x=2ad x =-1.
? 2 1 1
Area= [ [(2—x*)=(=x)]dx = " [15* +x+2]dx = - X%+ Xt e x]

AL N
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34.

Which of the following numbers is congdered to bea Qiefi cientOnurrber ?
(A) 6 (B) 20 (C) 24 [D28 (E) 46

Suppo® you ke apostive integer n and add its postive divisors.  For
example, if n = 18,thenthesumisl +2 + 3 +6 +9 + 18 =39. In
general, when we do this with n ore of the following three thingshgopens

Thesumisless than 2n which is called a deficient nunber (1, 2, 3, 4, 5, 8,
9E.), thesumisequd to 2n whichis a perfect number (6, 28, 496, E) orthe
sumis greater than 2n which is called an éundant nunmber (12,18,20, 24,
30,E). There are infinitely many ddicient numbers.  For example, pK, with
p any primeand k >0, is deficient. Also if n isany peafect nunber, and d 5
greater than 2n dvidesn (where 1 <d < n), then d is ddficient.

Deficient numbers are sometimes called defective nunbers.  Rimes, prime
powers and any divisors of apefect or deficient number are all deficient.
Thefirst few deficient nunbersare 1, 2, 34,5, 7, 8, 9, 10, 11, 13, 14, 15, 16,
17,19, 21, 22,23, E

If n = 6, hen thesumof thedivisorsisl +2 +3 +6 =12, hereforeb6 isa
perfect number. If n =20,then the sum of thedivisorsis1 +2 +4 +5 +10 +
20 =42, heefore 20 isan ébundant number. If n = 24, henthe sum of the
divisorsisl +2+3+4+6 +8 +12 +24 = 60, heefore 24 is an ebundant
number. If n =28, hen thesum of thedivisorsis1 +2 +4 +7 +14 +28 =
56, herefore 24is an abuncant nunber. If n = 46, tien the sum of the
divisorsis1l +2 +23 +46 = 72 and 46 s addicient number.

Note: Thesum ofthedivisorsof 46 s72. If n =46 and 2n =92, hen the
sum of thedivisorsis less than 2n or 92 vkich meanstha 46is addicient
nunmber.

Simplify : (csc! - sec! )sin!/ cosO

(A) -2dn! cos! (B) os!/ + gn! (C) ! - cos!
(D) oos! - sn! (B 2sn! cos!

(csc! - s=c! )sin! cos!

L

sin/ cos!

)sin! cos!/

cos/ sin/

- )sin! cos!

sin! cos! sn! cos!



86.

cos! " sn/ _ .
(————)sin! cosé
sin! cos!

cos! - gn!

48.1f two dice are tossed, what is the prokebility tha the sum of the facesis aprime

nunber.
5 7 2 5 7
(A) 36 (B) 18 ©) 9 (D e B 36

Thelargest sum possible when tossing apair of diceis12. Theony prime
nunberslessthan 12 ae 2, 3,5, 7 ad 11.

Sum Number of outtomes Sum Number of outtomes
2 1 7 6
3 2 11 2
5 4
Probability = favorable _ 1+2+4+6+2 _ 15 _ 5
(total)outcomes 36 36 12

The Moby Dick Whder istraveling on acalm day at 20 kmh on acourse of 30
@st of norh. Caotain Ahab measures thewind vdocity to bel10 knih fromthe
vest. What isthe speed of the actud (resultant) wind velodty? (rounckd to the
nerest tenth)

(A) 150kmh (B) 25.0kdh  (C) 26.5 knin
(D) 355kmh (B 40.5 knih

Draw an x-y plane. Assume Whaler leaves from the origin in adirection which
§ 30j east of norh (If you drav a segment representing the path of the Whder it
ould begoing 30j b the right of the postive y-axis). Sncethewindis
bbwing fromthe west you can draw a segment from the endpant of the other
sgment (notthe origin) which is parallel to thex-axis. Themeasure of theangle
forned by hetwo ssgmentsdravn is 120;j. Draw the segment that represents the
actud pah ofthe Whaer (resultant).

UsetheLaw of Cosnes(c®> = a° + b® - 2&bcoC) to find the resultant.

x> =20° + 10° - 2(20)(10)0sL20;



X = /202 +107! 2(20)(10)cosl20; = 26.5



